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ABSTRACT
The heterogeneity of patients’ responses in many treatment programs stems from the characteristics of their diverse
background. Accordingly, paradigms of clinical decisions are shifting from “one-size-fits-all” rules to individualized
treatment rules (ITRs). In statistical frameworks, an ITR is defined as a mapping of patient information to treatment
recommendations, aiming to optimize the average future outcome of the program. In recent years, many researchers have
developed methods for estimating optimal ITRs. This paper reviews some of the recent approaches, focusing on
“indirect” (“ -learning” and “A-learning”) and “direct” (“O-learning”) methods. We also briefly discuss further
extensions of ITRs, which include multi-staged treatment rules also known as a dynamic treatment regime.
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1. Introduction
It is widely recognized that even if the same medical deci
sion applies, response patterns may be heterogeneous among
the patients treated. For example, patients suffering from men
tal disorders (e.g. depression, drug abuse) reportedly showed
different responses to given treatment [1,2]. To improve per
sonalized healthcare, one should diversify the type of treatment
or the dosage according to patients’ information. One of the
statistical efforts to operationalize personalized treatment is
an individualized treatment rule (ITR) approach. An ITR is a
decision rule that assigns each patient to treatment methods
based on their information. The term “individual treatment
regime” is also known as “personalized treatment regimes”
[3] or “personalized treatment rules” [4]. An ITR is said to be
optimal when it optimizes the mean of a desired clinical out
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come (e.g. maximizing efficacy or minimizing side-effects) if
applied.
There is growing interest in estimating optimal ITR and rel
evant rules in the statistical literature [5-27]. The aim of this
paper is to provide a limited survey of those recent approach
es to stimulate the reader’s interest. In a broad sense, there are
two approaches to estimate the optimal ITR, which depends
on estimating the expected future outcome. In particular, we
review so-called “ -learning”, “A-learning”, and “O-learning”
for the examples of indirect and direct methods. Although we
will deal with single-staged decisions, the framework can
extend to a situation involving multi-staged decision making
over time also known as “dynamic treatment regimes” (DTRs)
[17-27]. DTRs will also be discussed briefly.
Prior to developing the review, we clarify how the individu
al treatment rules are different from supervised learning (clas
sification/regression). Typical interest in supervised learning
is classifying symptoms or predicting risk from a patient’s
information, which involves datasets that can described by (X,
Y), where X denotes covariates and Y is a response. In this

─7─

Quantitative Bio-Science Vol. 36, No. 1, 2017

8

case, a user aims to select such a model that minimizes the
misclassification rate or mean-squared error. Prognosis and
risk prediction may be suitably relevant medical problems. On
the other hand, ITR may be relevant to decision support sys
tems. The ITRs do not aim to predict future outcomes, but aim
to find optimal decisions, which leads to the best future out
come, under the assumption that the treatment has a causal
effect on the future outcome. Thus, datasets that are typically
used in ITR can be described by (X, A, Y), where X and Y can be
treated similarly as in the supervised learning and A denotes
the treatment selected.
Because the notational setting in ITR is the same as that
used in the causal inference literature, the difference between
the causal inference and ITR should be noted. In causal infer
ence, the interest is typically in inferring the difference of the
potential outcomes between two choices of treatments from
the treatment effect. The interested reader can refer to [28,29]
for an overview of causal inference. In that field, recently there
has been growing interest in the estimation of personalized
treatment effect, the treatment effect conditioned on covari
ates [30-32]. Once the personalized treatment effect is esti
mated, it can be used to determine which treatment should be
applied to an individual with a given covariate, i.e. an ITR.
The approaches provided in this paper can be seen as short
cuts to estimate the optimal ITR without estimating the (per
sonalized) treatment effects.
The rest of the paper is organized as follows. In Section 2,
basic notation and assumptions are introduced as well as the
properties of optimal ITR. In Section 3, the -, A-, and Olearning-based methods are introduced to estimate the optimal
ITR. In Section 4, we discuss pros and cons when using indi
rect/direct methods and extension to DTR. In Section 5, we
present concluding remarks and discuss some possible research
directions.

2. Preliminaries
2.1 Notation and assumptions
The notational setup follows the Neyman’s potential out
come framework. Let
be a random sample of
(X, A, Y). Here, X, a p-dimensional random vector, denotes a
subject’s covariates. Note that it may include the intercept
without loss of generality. Here A = ±1 is the treatment admin
istered to the subject. Here, we assume that we can choose

binary treatments for simplicity, but extensions to multiple
treatments are straightforward. The clinical outcome is denot
ed by Y and assumed to be encoded as a higher value is pre
ferred. Propensity of treatment assignments given covariates
is defined by
. The expected clinical
outcome given a covariate and treatment decision will be said
to be the quality function and denoted by
. Our decision based on pre-treatment covariates is des
cribed by d(x), a mapping of covariates to decisions that takes
values ±1. The description of Y needs additional care. We
further introduce the notation Y( - 1) and Y(1), the potential
outcomes of a subject under treatment - 1 and 1, respectively.
Since each patient receives one treatment only, either one is
unobservable. The observed outcome will be denoted by Y, i.e.
, where I(·) denotes the
indicator function. Like a standard causal inference problems,
the inference of optimal ITR requires the following three
assumptions to accommodate the systemically unobserved
outcomes:
(A1) (strong ignorability)
;
(A2) (consistency) Y = Y(A);
(A3) (positivity)

there exist c>0
such that
≥c for almost sure x and a.
The first assumption says that observed data behave like a
randomized clinical trial in each small region wherein the
covariates are almost the same. The condition is also typically
understood as that there are no unmeasured confounders. Ran
domized experiments satisfy (A1) by design. In an observa
tional study, however, it can never be proved and should be
assumed. Assumption (A2) ensures the outcomes observed in
the study are what would be potentially seen under the receiv
ed treatments. Assumption (A3) implies that we have both
observations for the entire domain of the covariates so that the
bias-correction information is available.

2.2 Optimal individualized treatment rule
We now assume that (X, A, Y) follows a distribution P. Let
P be the distribution of (X, A, Y) when treatments are assign
ed according to d. What will P d look like? Let us assume X
and Y are either discrete or continuous. We can write P as
. Then the distribution
of P d becomes
.
We assess the performance of d by its value, which we will
define by
, the expectation of outcome if patients
d
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were treated by the decision d. An optimal decision
is
defined by a decision rule satisfying
for all d∈
≥
D (a given class of decision functions).
We introduce several properties and equivalent representa
tions for
. First, from the positivity assumption,
for the support of P and so
. This gives
(1)

This equation will be used in “direct” methods later. The
value is also related to the quality; by the double expectation
theorem,

and, with slight abuse of notation on the integral with discrete
variable,
(2)

.
Equation (2) gives a valuable insight on how one can find an
optimal treatment . First, for any decision d, it holds that
.

On the other hand, considering a decision
(the maximizer is not necessarily unique and one can
pick any one maximizer), the definition of
tells us that
≥

mizing (1) could lead to the optimal decision. Methods moti
vated by this idea will be referred to as “direct” methods.

3. Estimation of the Optimal Individualized
Treatment Regime
3.1 Indirect methods

.

≤

9

.

From those two inequalities, we observe that
almost surely.
How can we estimate the optimal decision ? First, note
that
. This relation invoked research
ers to estimate some part of or the whole
and select
such a decision maximizing the (estimated) outcome function.
We refer to these series of methods as “indirect” methods.
On the other hand, one may focus on equation (1), which is
equivalent to a weighted version of the 0-1 loss. Thus, maxi

3.1.1 Q-learning

One natural approach to estimate
is to model and esti
mate the quality function
. These methods are also
called “ -learning” methods. Typically, the -learning meth
ods were developed in estimating the optimal DTR. Qian and
Murphy [5] inspected analytical bounds for the performance
of estimated treatment rules when decision making is single
stage (i.e. ITR). Furthermore, they proposed a l1-penalized
least square to approximate
to Y.
The analytical details of -learning for estimating the opti
mal ITR are as follows. We explain the version given in [5].
First, one should model the space of quality functions, say
, where
is a vectorvalued function and its components form a basis for . Denote
by
an empirical expectation where
f is a real-valued function. The authors assume that p can be
possibly high and propose a least square with the l1-penalty:
,

(3)

where
is a penalty function,
and are the jth
components of
and θ, and λ is a tuning parameter. For
the penalty function, Qian and Murphy [5] used an l1-penalty
that is weighted to balance the scale of the basis functions.
After the fitting, one may estimate the optimal ITR using
.
For readability, let us revisit an example without the penalty
term as discussed in [5]. Let X be a scalar random variable
following the uniform distribution on [-1,1]. Here A is gener
ated evenly regardless of X, i.e.
for all a and x. Set
the true quality function as
, where

and let

follows the standard normal distribution.
Because
, clearly
1 almost
surely. The corresponding optimal value is
19/48. What
if we set a model space as
, which does not contain the true ? First, calculating
(3) in the population-version mean without penalty yields
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, which leads to
mated optimal decision becomes

. The esti
. Note

that this is not equal to the true optimal rule = 1. However,
one can see is, in fact, included in the decision space: for a

fixed θ, the estimated decision can be expressed as
. Then
can be identified as the case when θ3 = 1 and θ4 = 0. Thus,
although the associated decision space contains the true deci
sion, the misspecification of could lead to an inaccurate
estimation of the decision. Generally speaking, when method
(3) is used, it is safer to set a large class of model space. The
l1 penalty in (3) can accommodate the high-dimensionality
coming from the model size (p), encouraging ease and parsi
mony of interpretation.
3.1.2 A-learning

“A-learning” (advantage learning, named in [6]) refers to
methods that exploit the fact that one need not specify the
entire -function to estimate the optimal treatment rule. To see
this fact, we first note that the -function
can be characterized by
for real-valued
functions m(x) and c(x). Indeed,

and

. Then the optimal decision

can be restated as
. Thus, it
suffices to estimate c(x), not the whole
, for decision
making.
For the estimation of c(x), it is common to use an estimating
equation as proposed in [7]. See [6,8-10] for details. We pres
ent Lu et al.’s [10] reformulation that recasts the estimating
equation as a squared loss minimization problem that can be
easily tailored to a certain regularization when the number of
covariates are large. Specifically, let us consider the linear case,
. Then the estimated β is estimated from
, (4)
where h(x) is an arbitrary function of covariates and we recall
and
is a penalty function on
β. For the choice of
, Lu et al. [10] refer to a constant
model
or a linear model
.

3.2 Direct methods (O-learning)
As seen above, the indirect methods model a part or the
whole body of the quality function to estimate the optimal
treatment rule and potential error can occur from the mis

specification of the model. Instead, one may consider directly
estimating the rule maximizing the response as formulated in
(1). Maximizing (the empirical version of) (1) is discontinuous
and nonconvex with respect to d, which can be computation
ally intensive.
The “O-learning” (outcome weighted learning) first proposed
by Zhao et al. [11] maximizes a convex surrogate loss of (1) so
that the problem becomes tractable and can be solved efficient
ly. First, since

is constant, one notes that (1) is

equivalent to minimizing

over d. Note that any d can be represented by
.
Here, we define
1, although
-1 also
gives valid arguments. Then, one sees
. In the machine learning literature, the computational diffi
culty of the 0-1 loss function
was alleviated by
a convex surrogate loss function
replaced with the 0-1
loss
. The most popular choice is the hinge loss func
tion,
. Furthermore, one might
want to penalize to avoid overfitting. As a result, Zhao et al.
[11] proposed to minimize
,

(5)

where
is some norm on a function space and λ is a tuning
parameter. Equation (5) can be a support vector machine (SVM)
problem with weights and one can apply the theory of SVMs.
For the class of , a typical example is a space of linear clas
sifiers; letting
and the norm as in l2-sense, one
solves
.
In addition, one can consider a nonlinear decision rule, for
example, Zhao et al. [11] considered a so-called kernel trick.
This stream of methods is called “outcome weighted learning”
or simply “O-learning.”
One notes that (5) becomes convex only when Y is positive.
What if the outcome has a negative value? A natural strategy
is a constant shift, i.e. coding the outcome as Y + c instead of
Y for some constant c. It is easy to see that the constant shift
does not change the optimal decision defined from (4). How
ever, it changes in a finite sample, i.e. the constant shift will
lead to a differently estimated rule. Zhou et al. [12] proposed
the use of a residual Y - (X) as the outcome weight in (4)
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instead of Y, for some function . Here, the authors proposed
to pick such reducing the variance for estimating (4). Their
choice of made the problem being invariant under constant
shift of the outcome even in a finite sample.
Several extensions of the O-learning exist in the literature.
Song et al. [13] considered sparse linear decision rules for
high-dimensional covariates, by replacing the l1 or smoothly
clipped absolute deviation (SCAD) penalty with the squared
penalty in (5). Zhao et al. [14] extended the O-learning to cen
sored data. Laber and Zhao [15] and Zhu et al. [16] minimized
(5) by considering tree-based rules instead of convex surro
gate losses.

4. Discussion
4.1 Tuning parameter selection
One notes that all the presented methods, (3), (4), and (5),
involve a tuning parameter λ. A natural question is how to
select λ from given data in practical implementation. If one
considers cross-validation (CV), it is common to minimize the
predictive loss function (averaged over folds) in standard re
gression literature. In ITR, λ can be selected in a different way:
recall that the goal of ITR is maximizing the value rather than
minimizing predictive loss. For example, Qian and Murphy
[5] choose λ to maximize the predictive value, which can be
estimated in an unbiased manner by

where the ITR d is fitted from a training dataset and a fixed
tuning parameter and the empirical average is taken over a
testing dataset.

4.2 Indirect or direct?
A possible advantage of indirect methods is that we can use
standard statistical tools and packages, such as linear models,
to model the outcome. There are well-developed disseminated
methods such as the goodness-of-fit checking. If one needs
interpretability that scientific theory or expert opinion usually
requires, indirect methods would be useful. Instead, as shown
in the example in Section 3.1, the outcome models should be
correctly specified for valid inference, otherwise there would
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be a bias on the estimation. Direct methods are superior to the
indirect methods in that they do not require models for the
quality function or other traits on the outcome. Their potential
drawback is that the coefficients in estimated treatment rules
generally show larger variance than those from the indirect
methods [18]. Indeed, in the computer science literature (rein
forcement learning), many studies use both direct and indirect
methods to construct optimal policies. The interested reader
may refer to the textbook on reinforcement learning [33] for
examples.

4.3 Dynamic (multi-staged) treatment regimes
The statistical framework for ITR can be extended to DTR,
a sequence of personalized decision rules in response to a
subject’s changing needs. We provide a brief review where
there are two stages of decisions with binary treatment, which
is sufficient to provide a comprehensive intuition. Let (X1, A1,
X2, A2, X3) be a time-ordered trajectory of each patient’s infor
mation on covariates (X1, X2, and X3), decisions (A1 and A2).
The available information for the decision maker is H1 = X1 at
the first time and H2 = (X1, A1, X2) at the second time. As for
the outcome, let us say that there is one outcome at the end of
the study, which we will denote by Y, although a more general
framework allows the presence of an outcome (like the quality
function in ITR) after each of the two decisions. A DTR is
defined by a pair of decisions, d = (d1, d2), where dt is a map
ping from the domain of Ht to {-1, +1}, t = 1, 2. The value
of a DTR d is then defined by the expected outcome when d is
applied to the given population. An optimal DTR is similarly
defined in a recursive way in which each formulation resem
bles (4), which is omitted for simplicity. In the two-staged set
ting, the quality function is defined recursively by
,
,
and it holds that the optimal DTR satisfies
, t = 1, 2. There is a vast literature to infer the opti
mal DTR. Estimating the optimal DTR from -learning and
A-learning was proposed in [9,18-20,23,25] and [6,8,9], res
pectively. The O-learning methods inferring DTR were devel
oped in [21,25,27]. Here, we provide a brief introduction to learning methods. Consider linearly parameterized models on
both quality functions, say
and
as
in the single-staged -learning. One of the -learning methods
solves the following dynamic programming problem in a
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backward sense.
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the desired testing. For high-dimensional covariates, hypothe
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more machine learning approaches to the O-learning methods.
Currently, SVMs or regression trees have been imported to
accommodate the weighted 0-1 loss. It remains open to the
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