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ABSTRACT
Competing risks data commonly arise when an occurrence of an event precludes other type of events from being
observed. Recently, competing-risks models with frailty have been studied for clustered competing-risks data that may be
correlated. In this paper, we propose a variable selection procedure for fixed effects in the cause-specific hazard frailty
model for the clustered competing-risks data using a penalized likelihood. Here we consider two popular penalty
functions, least absolute shrinkage and selection operator (LASSO) and smoothly clipped absolute deviation (SCAD). We
derive simple matrix forms for the variable selection procedure. The usefulness of the proposed method is illustrated
using a practical example data set.
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1. Introduction
Two broad classes of competing-risks regression models are
cause-specific hazard model [1] and subdistribution hazard
model [2]. The former is used to model the cause-specific
hazard of each event type separately, while the latter is used
to model the hazard function of subdistribution (subhazard)
for a particular event of interest. Recently, these models have
been extended to clustered competing risks data via frailty
[3,4], i.e. semi-parametric frailty models have been applied to
these correlated competing risks data.
It is important to determine relevant variables in the analysis of regression models. In classical regression models, there
are several techniques for variable selection (e.g., forward
selection, backward elimination and stepwise selection).
However, these traditional methods may be computationally
intensive for many covariates and often suffer from high vari* Correspondence should be addressed to Dr. Il Do Ha, Department of
Statistics, Pukyong National University, Busan 48513, Korea. Tel: +82-51629-5536, Fax: +82-51-629-5544, E-mail: idha1353@pknu.ac.kr

ability [5,6]. Recently, variable selection methods using a
penalized likelihood allowing for various penalty functions
have been widely developed in linear models, generalized linear models and Cox’s proportional hazards (PH) models [6].
The main advantage of this method is to select important
covariates and to estimate the regression coefficients, simultaneously; i.e. it deletes insignificant variables by estimating
their coefficients as zero.
Ha et al. [7] have developed a variable selection procedure
for fixed effects in subhazard competing-risks frailty models
using a penalized hierarchical likelihood (h-likelihood) [8]
with a penalty function (e.g. LASSO [9], SCAD [6]). The hlikelihood [10,11] avoids the integration of random effects
itself, whereas the marginal likelihood approach often involves
intractable integrations when eliminating the frailties [12]. In
this paper, we extend this penalized variable-selection procedure [8] to a cause-specific hazard frailty model.
In Section 2 we describe the cause-specific competing-risks
models with frailty and outline the h-likelihood procedure. In
Section 3, we propose a variable selection procedure for the
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cause-specific hazard frailty models using a penalized h-likelihood. The proposed method is illustrated with a competingrisks data set from multi-center bladder cancer trial in Section
4. Finally, some discussions are provided in Section 5.

2. H-likelihood for Cause-Specific
Hazard Frailty Model

The observed event time and the event indicator are, respect
ively, defined by

Suppose there are i = 1,…,q centers where each center
(cluster) has j = 1,…,ni observations, so that the total sample
size is n = ∑ qi= 1 ni. For a patient j in center i, let Tijk be time to
event from cause k and let εij∈{1,2,…,K} be the corresponding cause of event. Let Cij denote independent censoring time.
The log-frailty for center i is denoted by Vi. Assume that given
Vi = vi, Cij is conditionally independent and noninformative of
(Tij, εij) for j = 1,…,ni. For simplicity, in this paper we consider two types of events (k = 1,2); let Tij1 be an event of interest
(Type 1) and Tij2 be a competing event (Type 2).
The cause-specific hazard function conditional on the common log-frailty vi for the jth observation in the patient i who
failed from cause k (k = 1,2) is described as [4]
(1)

where vi is an unobserved random variable from a univariate
distribution with parameter θ, λ0k(t) is the unspecified baseline hazard function for event type k and βk = (βk1,βk2,…,βkp)T
is a p × 1 vector of regression parameters for event type k, and
xij = (xij1,…, xijp)T is a p × 1 vector of fixed covariates corresponding to βk. Let β = (β1T,β2T )T be a 2p × 1 vector of all the
regression coefficients for all event types. Similarly, let
λ0 = (λ01(·),λ02(·))T denote the collection of all baseline hazard functions. If there is only one event type K = 1, then the
cause-specific frailty model (1) simply reduces to the standard
univariate frailty model [11]. For the distribution of vi we
assume a normal distribution, i.e. vi ~i.i.d. N(0,θ), which is
useful for modelling various structures of frailties [13].
Note that the model (1) can be expressed as a joint model
with a common frailty vi as follows. The event times (Tij1) from
cause 1 would follow a cause-specific PH model
λij1(t | vi) = λ01(t)exp(xijT β1 + vi),

In the traditional cause-specific analysis, patients who
failed from cause 2 are treated as censored for the analysis of
Type 1 events, which ignores a potential correlation between
the two event times.

2.2 H-likelihood procedure

2.1 The model

λijk (t | vi) = λ0k(t)exp(xijT βk + vi),

λij2(t | vi) = λ02(t)exp(xijT β2 + vi).

and similarly event times (Tij2) from cause 2 would follow a
model

Yij = min(Tij,Cij) and δijk = I(Yij = Tijk),

where Tij = min(Tij1,Tij2) is the time to the first event, δijk = 1 if
Type k event occurs first (i.e. Yij = Tijk) and otherwise is 0.
Note that δijk is often referred to as a cause-specific event
indicator and that it can also be expressed as
δijk = I(Tij≤Cij)I(εij = k).

Now, we outline the h-likelihood for the cause-specific
frailty model (1). Following Ha et al. [11] and Christian et al.
[4], the h-likelihood for the joint model above (1) is defined
by
h = h(β,λ0,v,θ) = ∑lijk(βk,λ0k;yij,δijk | vi) + ∑li (θ;vi),
ijk

where

i

lijk = lijk(βk,λ0k;yij,δijk | vi)
= δijk(logλ0k(yij) + ηijk) - Λ0k(yij)exp(ηijk)

and

li = li (θ;vi) = - log(2πθ)/2 - vi2/(2θ).

Here λ0 = (λ01,λ02) is a collection of all the baseline hazards,
v = (v1,…,vq)T, Λ0k(·) is the baseline cumulative hazard function for cause k, and ηijk = xijT βk + vi.
Note that the h-likelihood above h has unknown parameters
λ0k that increases with the number of events. Firstly, to eliminate the nuisance parameters λ0k we use the corresponding
profile h-likelihood hp [11,13], defined by

{

hp(β,v,θ) = ∑δijk(xijT βk + vi) - ∑d(kr)log ∑ exp(xijTβk + vi)
ijk

kr

q

+ ∑l2i(θ;vi),
i=1

ij∈R(kr)

}

where R(kr) = {ij:yij≥y(kr)} is the risk set at time y(kr), i.e. the
set of all individuals who are still at risk of experiencing an
event. Here y(k1)<y(k2)<…<y(kDk) are the Dk are the ordered
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unique event times for type k events among all of the yij’s,
and dkr is the number of events that occur at time y(kr). Then
we use the partial h-likelihood (PHL) hp to estimate the fixed
and random effects (β,v), and the the partial restricted likelihood pβ,v(hp) [11,13] to estimate the frailty parameter θ, given
by

]|

[

1
pβ,v(hp) = hp - --- log{det(Hp/2π)}
2

where

(β,v) = (β̂(θ),v̂(θ))

,

∂lp
-----= ZT(δ1 - μ1) + ZT(δ2 - μ2) - θ-1v.
∂v

3. Variable Selection Procedure
Following Ha et al. [7,8], we consider variable selection of
fixed effects β in the joint competing-risks model (1) via
maximization of a penalized profile h-likelihood, lp, using hp
and a penalty; it is defined by
j=1

(2)

where p* = Kp with K = 2, and Jγ( |·| ) is a penalty function
that controls model complexity using the tuning parameter γ.
Note that we do not impose any penalty on the frailty parameter θ. Typically, the larger value of γ tends to choose the simple model, whereas the smaller value of γ inclines towards
the complex model [8]. To choose an optimal value of γ, we
use a BIC-type criterion [8]; the generalized cross-validation
cannot select the tuning parameter satisfactorily [14]. For
details of variable selection procedures using (2), refer to Ha
et al. [8].
Various penalty functions have been used in the literature
on variable selection in statistical models including the Cox
PH model. Here, we consider the following two penalty functions (LASSO and SCAD), but our results can also be applied
to other penalty functions (e.g. h-likelihood penalty [15]).
• LASSO [9]:
• SCAD [6]:

Jγ ( | β | ) = γ | β | ,

(aγ - | β | )+
Jγ′( | β | ) = γI( | β | ≤γ) + ----------------- I( | β | >γ),
a-1

where x+ is x if x>0, 0 otherwise, and a = 3.7.

In this subsection, we present the gradient vector of τ =
(β,v) given θ and the observed information matrix from the
partial h-likelihood hp. In particular, we further derive the ILS
equations and useful matrix forms for estimating (v,β,θ).
The matrix forms for estimating β = (β1T,β2T )T and v are as
follows:

where ∂hp /∂βk = XT (δk - μk) (k = 1,2), and

is the observed information matrix from the PHL hp.

lp (β,v,α) = hp - n∑Jγ ( | βj | ),

3.1 Fitting procedure

p*
∂lp ∂hp
-----= ----- - n∑[Jγ( | βj | )]′ = 0, (j = 1,…,p*)
∂βj ∂βj
j=1

Hp = - ∂2 hp/∂(β,v)2

p*

81

Here Z is a n × q model matrix of v, δk is an n × 1 Type k
event indicator vector with ij th element δ ijk , and μ k =
Λ̂ 0k exp(ηk).
Let X =

( ) ()

(

)

X 0
Z
W1* 0
, Z=
and W* =
.
0 X
Z
0 W2*

Here X is a n × p model matrix of β k, and Wk* = - ∂ 2h p /
∂ηk∂ηkT with ηk = Xβk + Zv. Along the lines of Ha et al. [8] and
local quadratic approximation (LQA) [6], we can show that
the iterative least squares (ILS) equations for (β,v) with
β = (β1T,β2T)T are given by

(

)( ) ( )

X TW *X + nΣγ X TW *Z
β̂
X Tw*
=
,
Z TW *X
Z TW *Z + Q v̂
Z Tw*

where Σ γ = diag{J γ′( | β j |)/| β j |}, Q = - ∂ 2 l 2 /∂v 2 = θ-1 I q is a
q × q identity matrix, and w* = (w1*T,w2*T)T with wk* = Wk* ηk +
(δk - μk). For estimation of the frailty parameter α, we use an
penalized partial restricted h-likelihood pβ,v(lp). Note that for
the cause-specific hazard model without frailty v, the ILS
equations reduce to
(X TW *X + nΣγ)β̂ = X Tw*.

Accordingly, we see that the variable-selection procedure
mentioned above is easily implemented for competing-risks
data via a slight modification to the existing PHL procedures
[8,16].

3.2 Standard error and selection of tuning
parameter
Following Ha et al. [7,8], an approximated standard error
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(SE) of β̂ is obtained from a sandwich formula based on lp:
cov( β̂) = (Hββ + nΣγ)-1Hββ (Hββ + nΣγ)-1,

(3)

BIC(γ) = - 2pv(hp) + e(γ)log(n),

(4)

where Hββ ={(X TW *X)-(X TW *Z)(Z TW *Z + Q)-1(Z TW *X)}| v =v̂.
For the choice of tuning parameter γ, Ha et al. [8] used a BICtype criterion based on the penalized PHL, defined by

where pv(hp) is the first-order Laplace approximation to the marginal partial likelihood [7,8] and e(γ) = tr[{Hββ + nΣγ}-1Hββ] is
the effective number of parameters [10,13].
Our variable-selection algorithm consists of two loops as
follows.
1. Inner loop: we maximize lp for τ = (βT,vT)T (i.e., we solve
the ILS equations above for (β,v) and pτ(lp) for θ, respectively.
2. Outer loop: we select γ that minimizes BIC(γ) in (4).
After convergence, we compute the estimates of the SEs
for β̂ using (3).

4. An Illustrative Example
We illustrate the proposed procedure using a multicenter
clinical dataset [17] from a bladder cancer trial conducted by
the European Organization for Research and Treatment of
Cancer (EORTC). We consider 396 patients with stage Ta and
T1 bladder cancer from 21 centers, where the numbers of
patients per center varied from 3 to 78, with mean 18.9 and
median 14. Two competing endpoints are time to first bladder
recurrence (an event of interest; Type 1 event) and time to
death prior to recurrence (competing event; Type 2 event). Of
396 patients, 200 (50.51%) had recurrence of bladder cancer
and 81 (20.45%) died prior to recurrence. The number of
patients who were still alive without recurrence were 115
(29.04%) and they censored at the date of the last available
follow-up.
We consider the following 12 categorical covariates (x) of
interest:
• Chemotherapy as the main covariate (CHEMO; no = 0,
yes = 1),
• Age (0 if Age≤65 years, 1 if Age>65 years),
• Sex (male = 0, female = 1),
• Prior recurrent rate (PRIORREC; primary, ≤1/yr, >1/yr);

PRIORREC1 = I (PRIORREC≤1/yr),
PRIORREC2 = I (PRIORREC>1/yr)
• Number of tumors (NOTUM; single, 2~7 tumors,
≥8 tumors);

NOTUM1 = I (NOTUM = 2~7 tumors),
NOTUM2 = I (NOTUM ≥8 tumors);
• Tumor size (TUM3CM; 0 if Tumor size <3 cm,
1 if Tumor size ≥3 cm),
• T category (TLOCC; Ta = 0, T1 = 1),
• Carcinoma in situ (CIS; no = 0, yes = 1),
• G grade (GLOCAL; G1, G2, G3);
GLOCAL1 = I (GLOCAL = G2),
GLOCAL2 = I (GLOCAL = G3).

Ha et al. [7] also used the same data set as above for the
variable selection using the subhazard frailty model. Now, we
fitted the cause-specific hazard model (1) with a common
frailty using the penalized h-likelihood procedure proposed in
Section 3. The selected values of the tuning parameters γ by
the BIC were 0.013 and 0.067 for LASSO and SCAD, respectively. The estimates of the frailty parameter θ for no-penalty,
LASSO and SCAD are 0.066, 0.061 and 0.079, respectively.
The estimated coefficients and their standard errors for Type 1
(i.e. bladder cancer recurrence) are given in Table 1. The main
covariate, CHEMO (x1), is very significant in all the three
methods (i.e. no-penalty, LASSO and SCAD). LASSO chooses 9 covariates (x1, x2, x5, x6, x7, x8, x9, x11, x12) among 12
covariates, while SCAD chooses 6 covariates (x1, x5, x6, x7,
x11, x12), respectively. Notice here that LASSO chooses the
two covariates (x8 and x9) which are not significant under nopenalty. In particular, we find that the trends of the variable
selection for Type 1 are similar to those in subhazard frailty
model by Ha et al. [7]. For Type 2 (i.e. death prior to recurrence), the estimated coefficients and their standard errors are
also presented in Table 1. Here, LASSO selects 2 covariates
(x 2 and x 11) where x 11 is not significant under no-penalty,
while SCAD chooses only one covariate (x2).
We observe that the non-zero estimates by SCAD are overall similar to the corresponding estimates without penalty
(γ = 0). As expected by Ha et al. [7,8], LASSO selects more
covariates as compared to SCAD. A possible reason may be
that LASSO selects unimportant variables much more than
SCAD method. These findings indicate that LASSO may not
properly identify important variables in the cause-specific
hazard frailty model (1), that confirms the simulation results
of Ha et al. [7,8].
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Table 1. Estimated coefficients and standard errors (in parentheses) in the cause-specific hazard frailty model for two types of events in the
multi-center bladder cancer data
Event

Variable

No-penalty

LASSO

SCAD

Type 1

x1: CHEMO
x2: Age
x3: Sex
x4: PRIORREC1
x5: PRIORREC2
x6: NOTUM1
x7: NOTUM2
x8: TUM3CM
x9: TLOCC
x10: CIS
x11: GLOCAL1
x12: GLOCAL2

- 0.862 (0.186)
- 0.271 (0.146)
- 0.011 (0.209)
0.269 (0.250)
0.518 (0.200)
0.669 (0.166)
1.168 (0.280)
0.155 (0.174)
0.239 (0.170)
0.222 (0.275)
0.517 (0.165)
0.762 (0.271)

- 0.598 (0.142)
- 0.131 (0.079)
0 (0)
0 (0)
0.337 (0.119)
0.455 (0.118)
0.693 (0.171)
0.002 (0.002)
0.183 (0.091)
0 (0)
0.269 (0.103)
0.276 (0.111)

- 0.865 (0.181)
0 (0)
0 (0)
0 (0)
0.423 (0.177)
0.664 (0.163)
1.196 (0.267)
0 (0)
0 (0)
0 (0)
0.540 (0.158)
0.906 (0.248)

Type 2

x1: CHEMO
x2: Age
x3: Sex
x4: PRIORREC1
x5: PRIORREC2
x6: NOTUM1
x7: NOTUM2
x8: TUM3CM
x9: TLOCC
x10: CIS
x11: GLOCAL1
x12: GLOCAL2

0.346 (0.393)
0.906 (0.288)
- 0.508 (0.357)
0.152 (0.401)
0.463 (0.327)
- 0.503 (0.261)
- 1.335 (0.560)
- 0.154 (0.275)
- 0.095 (0.278)
0.481 (0.502)
0.268 (0.264)
- 0.176 (0.480)

0 (0)
0.357 (0.131)
0 (0)
0 (0)
0 (0)
0 (0)
0 (0)
0 (0)
0 (0)
0 (0)
0.010 (0.008)
0 (0)

0 (0)
0.712 (0.264)
0 (0)
0 (0)
0 (0)
0 (0)
0 (0)
0 (0)
0 (0)
0 (0)
0 (0)
0 (0)

5. Discussion
The h-likelihood methods are useful for variable selection
in the competing-risks frailty models. In Section 4, we have
illustrated how to select jointly important variables of fixed
effects in the cause-specific hazard frailty models with two
types of events via a penalized h-likelihood procedure. Ha et
al. [7,8] have demonstrated via simulation studies and data
analysis that the penalized h-likelihood procedure with SCAD
penalty performs well, that confirm the results of Table 1. In
Section 3, we have shown that the proposed variable selection
method can be easily implemented by a slight modification of
the standard h-likelihood estimation procedures for competing
risks frailty models [4], leading to a fast and efficient procedure. Thus the h-likelihood method would be easily applied to
variable selection in various random-effect models such as
hierarchical generalized linear models [10,12].
In this paper, the proposed variable-selection method was
applied to only a real-data analysis. Thus, the simulation
study would be a necessity for future work. We proposed a
variable selection for the cause-specific frailty model with a
univariate frailty. Development of variable selection to causespecific models with correlated frailties [4] or high dimen-

sional case having p>n [18] would also be further work of
interest.
In this paper we also considered selecting individual variables only. In many regression problems, covariates often
possess a natural group structure; for example, categorical
variables are often represented by a group of indicator variables. In these situations, the problem of selecting relevant
variables is that of selecting groups rather than selecting individual variables [19,20]. Extension of the group penalization
methods such as group LASSO [19] to the competing risks
models would also be an interesting topic.
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