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1. Introduction

Csörgő and Horváth [1] studied limit theories of abrupt 
change-points, as did Chen and Gupta [2] and Liu and Ha [3]. 
In addition, Lee et al. [4] studied the change point problems of 
parameters using CUSUM statistics. However, few studies 
have been conducted on gradual change-point problems, 
because of their complexity. Hu ková [5] proposed a least 
square estimation method to study asymptotic properties in 
location parameter models, and Gupta and Ramanayake [6] 
discussed gradual change-point problems of exponential dis-
tribution parameters with a linear trend, and also discussed 
statistical properties of test statistics based on a generalized 
likelihood ratio test. In addition, Wang [7] detected the gradu-
al change point of normal distribution parameters and provid-
ed a mathematical definition of gradual change points. Fur-
thermore, Liu [8] developed a nonparametric method based on 
area under curve (AUC) to discuss gradual change points.

In this paper, we partly reference methods based on Liu [9]. 
Here we consider the gradual change-point problems for the 
autocorrelated coefficient 
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2. Bayesian Estimation of Parameters

In Section 1, we obtained the hypothesis problems as fol-
lows: 
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unknown period of time. The hypothesis can be described as follows  

 𝐻𝐻�:𝑋𝑋� = 𝜙𝜙�𝑋𝑋��� + 𝜖𝜖� , 𝑡𝑡 = 1,⋯ ,𝑛𝑛, 
 

  𝐻𝐻�: �𝑋𝑋� = 𝜙𝜙�𝑋𝑋��� + 𝜖𝜖� , 𝑡𝑡 = 2,⋯ , 𝑘𝑘,
𝑋𝑋� = (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 𝑡 𝑘𝑘))𝑋𝑋��� + 𝜖𝜖� , 𝑡𝑡 = 𝑘𝑘 + 1,⋯ ,𝑛𝑛, 

where the assumption for 𝜖𝜖� is the same whether autoregressiCe coefficients of AR(1) models 

change, and 𝑘𝑘 𝑘 (2,𝑛𝑛 𝑡 1) is an unknown time called a gradual change-point. If null hypothesis 𝐻𝐻� 
holds true, there is no change-point, but if the alternatiCe hypothesis 𝐻𝐻� holds true, there is a 

gradual change-point in AR(1) models. 

 

2. Bayesian Estimation of Parameters 
In Section 1, we obtained the hypothesis problems as follows:  
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 where |𝜙𝜙�| < 1, 𝜖𝜖� is an independent identically distributed random Gaussian errors and it satisfies  

 𝐸𝐸(𝜖𝜖�) = 0,𝑉𝑉𝑉𝑉𝑉𝑉(𝜖𝜖�) = 𝜎𝜎�. 
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unknown period of time. The hypothesis can be described as follows  
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where the assumption for 𝜖𝜖� is the same whether autoregressiCe coefficients of AR(1) models 

change, and 𝑘𝑘 𝑘 (2,𝑛𝑛 𝑡 1) is an unknown time called a gradual change-point. If null hypothesis 𝐻𝐻� 
holds true, there is no change-point, but if the alternatiCe hypothesis 𝐻𝐻� holds true, there is a 

gradual change-point in AR(1) models. 

 

2. Bayesian Estimation of Parameters 
In Section 1, we obtained the hypothesis problems as follows:  

 𝐻𝐻�:𝑋𝑋� = 𝜙𝜙�𝑋𝑋��� + 𝜖𝜖� , 𝑡𝑡 = 1,⋯ ,𝑛𝑛, 
  

 𝐻𝐻�: �𝑋𝑋� = 𝜙𝜙�𝑋𝑋��� + 𝜖𝜖� , 𝑡𝑡 = 2,⋯ , 𝑘𝑘,
𝑋𝑋� = (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 𝑡 𝑘𝑘))𝑋𝑋��� + 𝜖𝜖� , 𝑡𝑡 = 𝑘𝑘 + 1,⋯ ,𝑛𝑛. 

For given For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 
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distributions of all parameters are independent of each other. The notations that appear in the text 
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We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
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 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  
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As 𝑘𝑘 is discrete, its posterior distribution is  

, 

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 
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We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 
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As 𝑘𝑘 is discrete, its posterior distribution is  
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For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
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        ⋅ exp �− �
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We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  
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then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  
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For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:
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distributions of all parameters are independent of each other. The notations that appear in the text 
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 where  

𝑎𝑎� = �
�

���
𝑋𝑋���� ,𝑎𝑎� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� ,𝑏𝑏� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,

𝑑𝑑� = �
�

���
𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = �

�

���
𝑋𝑋�� 

 

 

As 𝑘𝑘 is discrete, its posterior distribution is  

 of 

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 

Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿

            ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� �𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

�
�����

𝜋𝜋(𝑘𝑘),
 

 where  

𝑎𝑎� = �
�

���
𝑋𝑋���� ,𝑎𝑎� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� ,𝑏𝑏� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,

𝑑𝑑� = �
�

���
𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = �

�

���
𝑋𝑋�� 

 

 

As 𝑘𝑘 is discrete, its posterior distribution is  

 from 
Yang [10], viz., 

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 

Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿

            ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� �𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

�
�����

𝜋𝜋(𝑘𝑘),
 

 where  

𝑎𝑎� = �
�

���
𝑋𝑋���� ,𝑎𝑎� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� ,𝑏𝑏� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,

𝑑𝑑� = �
�

���
𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = �

�

���
𝑋𝑋�� 

 

 

As 𝑘𝑘 is discrete, its posterior distribution is  

, 

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 

Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿

            ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� �𝑒𝑒� − ���
��
− (������ ���)�

�����
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��

�
�����

𝜋𝜋(𝑘𝑘),
 

 where  

𝑎𝑎� = �
�

���
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�����
(𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� ,𝑏𝑏� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,
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�
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𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = �

�

���
𝑋𝑋�� 

 

 

As 𝑘𝑘 is discrete, its posterior distribution is  

. Additionally, 
prior distributions of all parameters are independent of each 
other. The notations that appear in the text and the appendix 
are the same unless otherwise noted.
Let 

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 

Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿

            ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� �𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

�
�����

𝜋𝜋(𝑘𝑘),
 

 where  

𝑎𝑎� = �
�

���
𝑋𝑋���� ,𝑎𝑎� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� ,𝑏𝑏� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,

𝑑𝑑� = �
�

���
𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = �

�

���
𝑋𝑋�� 

 

 

As 𝑘𝑘 is discrete, its posterior distribution is  

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 

Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿

            ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� �𝑒𝑒� − ���
��
− (������ ���)�
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�
��

�
�����

𝜋𝜋(𝑘𝑘),
 

 where  

𝑎𝑎� = �
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(𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� ,𝑏𝑏� = �
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�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = �
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�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,

𝑑𝑑� = �
�
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𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = �

�

���
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As 𝑘𝑘 is discrete, its posterior distribution is  

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 

Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿

            ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� �𝑒𝑒� − ���
��
− (������ ���)�
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��

�
�����

𝜋𝜋(𝑘𝑘),
 

 where  
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�����
(𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� ,𝑏𝑏� = �
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�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = �
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�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,
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�
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𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = �
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���
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As 𝑘𝑘 is discrete, its posterior distribution is  

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 

Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿

            ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� �𝑒𝑒� − ���
��
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As 𝑘𝑘 is discrete, its posterior distribution is  

then 

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
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For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 
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�

�����
(𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� ,𝑏𝑏� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,

𝑑𝑑� = �
�

���
𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = �

�

���
𝑋𝑋�� 

 

 

As 𝑘𝑘 is discrete, its posterior distribution is  

 is 

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 

Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿

            ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� �𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

�
�����

𝜋𝜋(𝑘𝑘),
 

 where  

𝑎𝑎� = �
�

���
𝑋𝑋���� ,𝑎𝑎� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� ,𝑏𝑏� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,

𝑑𝑑� = �
�

���
𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = �

�

���
𝑋𝑋�� 

 

 

As 𝑘𝑘 is discrete, its posterior distribution is  

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 

Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿

            ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� �𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

�
�����

𝜋𝜋(𝑘𝑘),
 

 where  

𝑎𝑎� = �
�

���
𝑋𝑋���� ,𝑎𝑎� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� ,𝑏𝑏� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,

𝑑𝑑� = �
�

���
𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = �

�

���
𝑋𝑋�� 

 

 

As 𝑘𝑘 is discrete, its posterior distribution is  

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 

Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿

            ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� �𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

�
�����

𝜋𝜋(𝑘𝑘),
 

 where  

𝑎𝑎� = �
�

���
𝑋𝑋���� ,𝑎𝑎� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� ,𝑏𝑏� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = �

�

�����
(𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,

𝑑𝑑� = �
�

���
𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = �

�

���
𝑋𝑋�� 

 

 

As 𝑘𝑘 is discrete, its posterior distribution is  

where 

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 
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,    2 ≤ 𝑘𝑘 ≤ 𝑘𝑘. 
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Proof: See A.1.2., A.1.3., and A.1.4. in the Appendix. 

-distribution, 
we can obtain the kernels of conditional posterior distribu-
tions of parameters 

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�
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��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)
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Then the kernel of change point 𝑘𝑘 is  
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𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� . 

Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿

            ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� �𝑒𝑒� − ���
��
− (������ ���)�
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�
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𝜋𝜋(𝑘𝑘),
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As 𝑘𝑘 is discrete, its posterior distribution is  

 and 

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)
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Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
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�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝜙𝜙�𝑑𝑑𝛿𝛿
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As 𝑘𝑘 is discrete, its posterior distribution is  

 respectively:  

 𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) =
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,    2 ≤ 𝑘𝑘 ≤ 𝑘𝑘. 

Then the Bayesian estimator 𝑘𝑘� of change-point 𝑘𝑘 is 𝑘𝑘� = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑥𝑥
�����

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�). 

Similarly, as properties of 𝑡𝑡-distribution and Γ-distribution, we can obtain the kernels of conditional 

posterior distributions of parameters 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� respectiCely:   

 𝜋𝜋(𝜎𝜎� | 𝑥𝑥�) ∝ ∑������ (𝜎𝜎�)����� �𝑒𝑒� − ���
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− (������ ���)�
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𝜋𝜋(𝑘𝑘 | 𝑥𝑥�), 

 𝜋𝜋(𝛿𝛿 | 𝑥𝑥�) ∝ ∑������ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� (𝑎𝑎� − ���
��

)�� �𝑒𝑒� − ���
��
− (������ ���)�
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�
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𝜋𝜋(𝑘𝑘 |𝑥𝑥�), 

where 𝑐𝑐� = − ��∑������ (���)����� �∑�����������
�

∑��������� + ∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��,   

𝜋𝜋(𝜙𝜙� | 𝑥𝑥�) ∝�
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(𝑀𝑀� −

(𝑏𝑏� − 𝜙𝜙�𝑐𝑐�)�
𝑎𝑎� )����� (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)�� �𝑒𝑒� −

𝑑𝑑��
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𝑎𝑎�
���𝜋𝜋(𝑘𝑘 |𝑥𝑥�). 

Correspondingly, the posterior distributions of parameters are:  

 𝜋𝜋(𝜎𝜎� | 𝑥𝑥�) = ∑������ 𝐼𝐼𝐼𝐼𝑎𝑎(𝜎𝜎�; ���� ,
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𝜋𝜋(𝛿𝛿 | 𝑥𝑥�) = ∑������ 𝑡𝑡 �𝛿𝛿;𝑘𝑘 − 3,−
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𝜋𝜋(𝑘𝑘 |𝑥𝑥�),
 

  

 

𝜋𝜋(𝜙𝜙� | 𝑥𝑥�) = ∑������ 𝑡𝑡 �𝜙𝜙�;𝑘𝑘 − 3,−���������
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)���� 𝜋𝜋(𝑘𝑘 |𝑥𝑥�).

 

Proof: See A.1.2., A.1.3., and A.1.4. in the Appendix. 

For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:

𝐿𝐿 = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� + ∑������ (𝑋𝑋� − (𝜙𝜙� + 𝛿𝛿(𝑡𝑡 − 𝑘𝑘))𝑋𝑋���)���

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋�����

        ⋅ exp �− �
��� ⋅ 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� �

    = (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
��� ⋅ �∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋��� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ��

        ⋅ exp �− �
��� ⋅ ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� � .

 

We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 

Let  

 𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)�,𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)(𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)𝑋𝑋���, 
 

 𝑀𝑀� = −2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋�𝑋𝑋���,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑘𝑘)𝑋𝑋���� ,𝑀𝑀� = ∑������ (𝑡𝑡 − 𝑘𝑘)�𝑋𝑋���� , 

then 𝑀𝑀� = 𝑀𝑀� + 𝑀𝑀�. 

 As proposition of Bayes distribution, the joint posterior distribution of all parameters is giCen by  

 
𝜋𝜋(𝜽𝜽 | 𝑋𝑋�) ∝ 𝐿𝐿 ⋅ 𝜋𝜋(𝑘𝑘)/𝜎𝜎�

= (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
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Then the kernel of change point 𝑘𝑘 is  

 

𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ ����� ����� ���� (2𝜋𝜋𝜎𝜎�)����� ⋅ 𝑒𝑒𝑥𝑥� �− �
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As 𝑘𝑘 is discrete, its posterior distribution is  

 𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) =
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,    2 ≤ 𝑘𝑘 ≤ 𝑘𝑘. 

Then the Bayesian estimator 𝑘𝑘� of change-point 𝑘𝑘 is 𝑘𝑘� = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑥𝑥
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𝜋𝜋(𝑘𝑘 | 𝑥𝑥�). 

Similarly, as properties of 𝑡𝑡-distribution and Γ-distribution, we can obtain the kernels of conditional 

posterior distributions of parameters 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� respectiCely:   
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𝜋𝜋(𝑘𝑘 | 𝑥𝑥�), 

 𝜋𝜋(𝛿𝛿 | 𝑥𝑥�) ∝ ∑������ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� (𝑎𝑎� − ���
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𝜋𝜋(𝑘𝑘 |𝑥𝑥�), 

where 𝑐𝑐� = − ��∑������ (���)����� �∑�����������
�

∑��������� + ∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��,   

𝜋𝜋(𝜙𝜙� | 𝑥𝑥�) ∝�
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(𝑀𝑀� −

(𝑏𝑏� − 𝜙𝜙�𝑐𝑐�)�
𝑎𝑎� )����� (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)�� �𝑒𝑒� −
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Proof: See A.1.2., A.1.3., and A.1.4. in the Appendix. 
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For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:
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We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 

and the appendix are the same unless otherwise noted. 
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Proof: See A.1.2., A.1.3., and A.1.4. in the Appendix. 
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Proof: See A.1.2., A.1.3., and A.1.4. in the Appendix. 
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,    2 ≤ 𝑘𝑘 ≤ 𝑘𝑘. 
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For giCen 𝑋𝑋�, we set 𝜽𝜽 = (𝑘𝑘,𝜙𝜙�, 𝛿𝛿,𝜎𝜎�)�, the hypothesis problems then haCe a likelihood function as 

follows:
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We assume the prior distributions of 𝜙𝜙�, 𝛿𝛿, 𝜎𝜎� are all uniform distribution and we take the prior 

distribution 𝜋𝜋(𝑘𝑘)  of 𝑘𝑘  from Yang [10], Ciz., 𝜋𝜋(𝑘𝑘) ∝ 𝑘𝑘(𝑛𝑛 − 𝑘𝑘) , 𝑘𝑘 = 2,⋯ ,𝑛𝑛 . Additionally, prior 

distributions of all parameters are independent of each other. The notations that appear in the text 
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3. Maximum Likelihood Estimation 
For detecting gradual change point by using the maximum likelihood method, Wang (2008) 

discussed the topic using two situations: when the autocorrelated coefficient 𝜙𝜙� is known and 

unknown in the first-order autoregressive time series models. 

(1) The variance 𝜎𝜎� is known and the autocorrelated coefficient 𝜙𝜙� has a known initial value; 

(2) The variance 𝜎𝜎� is known but the autocorrelated coefficient 𝜙𝜙� is unknown. 

In situation (1), for fixed 𝑘𝑘, the maximum likelihood estimate of parameter 𝛿𝛿 under the 

alternative hypothesis 𝐻𝐻� is  
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then the test statistic for testing the change point 𝑘𝑘 is given by  

 Λ�∗ = 𝑚𝑚𝑎𝑎𝑥𝑥�����|Λ�| 
where  

 Λ� = ∑������ ((𝑡𝑡 − 𝑘𝑘)(𝑥𝑥� − 𝜙𝜙�𝑥𝑥���)𝑥𝑥���)�/(∑������ 𝜎𝜎�(𝑡𝑡 − 𝑘𝑘)�𝑥𝑥���� ). 
In another situation, the variance 𝜎𝜎�  is known but the autocorrelated coefficient 𝜙𝜙�  is 

unknown, Wang (2008) gave the estimates of parameters 𝜙𝜙� and 𝛿𝛿 as follows  
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Thus, the test statistic detecting the gradual change point for the autocorrelated coefficient 

𝜙𝜙� can be obtained as:  

 𝐺𝐺�∗ = 𝑚𝑚𝑎𝑎𝑥𝑥�����|𝐺𝐺�| 

 Therefore, the Bayesian estimators are:  
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4. Simulation 
In this section, we eCaluate whether the techniques are effectiCe and feasible or not through a 

simulation study. We obtained the Bayesian estimators of all parameters and maximum likelihood 

estimators in Section 2 and Section 3 respectiCely. Firstly, sets of 100 obserCations are generated 

from the stationary AR(1) model with 𝜙𝜙� = 𝑡0.01 , 𝛿𝛿 = 0.03 and 𝑡𝑡 = 70 , where 𝜖𝜖�  are normal 

random Cariables with a mean of zero and 𝜎𝜎� = 0.01. Then the corresponding time series plot is 

shown in Fig. 1. By the way, Fig. 2 shows the function curCe of the posterior distribution 𝜋𝜋(𝑡𝑡|𝑥𝑥�) 
for change-point 𝑡𝑡 = 2,3,⋯ ,99. And the largest point is just 70 which is the change-point 𝑡𝑡. 

 

 

Fig. 1. Time plot with 𝜙𝜙� = 𝑡0.01 and 𝛿𝛿 = 0.03 (Bayes method) 

   

 

Fig. 2. 𝜋𝜋(𝑡𝑡|𝑥𝑥�) curCe with 𝜙𝜙� = 𝑡0.01 and 𝛿𝛿 = 0.03 

   

In order to further assess the reliability of the method, sets of 200 obserCations are produced from 

another stationary AR(1) model with 𝜙𝜙� = 0.8, 𝛿𝛿 = 𝑡0.01 and 𝑡𝑡 = 100, where 𝜖𝜖� are also normal 
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For the test statistic 𝐺𝐺�∗, its function curCe is shown by Fig. 6. And then the calculated maximum 
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relative error is 3.0%. From the above results, we see that 
both the Bayes and maximum likelihood methods have same 
good performance for change-point estimation. Additionally, 
the final relative error results are less than 5%, so two tech-
niques are reliable and feasible.

In addition, to test the power of the maximum likelihood 
strategy, we take a new simulation study into account. We 
deal with 

random Cariables with a mean of zero and 𝜎𝜎� = 0.01. Then the corresponding time plot is giCen by 

Fig. 3. Correspondingly, the function curCe of the posterior distribution 𝜋𝜋(𝑘𝑘|𝑥𝑥�) is shown by Fig. 4. 

Then the maximum point of the calculated final largest 𝜋𝜋(𝑘𝑘|𝑥𝑥�) is 𝑘𝑘 = 106, which is close to the 

predetermined change-point 𝑘𝑘 = 100 . The time difference is Δ(𝑡𝑡) = 6 , so the relatiCe error 

Δ(𝑡𝑡)/𝑇𝑇(𝑛𝑛) = 3.0%. 
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 In addition, to test the power of the maximum likelihood strategy, we take a new simulation study 

into account. We deal with Λ�∗  and 𝐺𝐺�∗ in Section 3. For the empirical sizes of Λ�∗  and 𝐺𝐺�∗ sets of 

100, 300, and 500 obserCations are generated from the AR(1) model with 𝜙𝜙� = 0.1,0.3,0.5, and 𝛿𝛿 =
−0.001 , and the leCel of the test is 𝛼𝛼 = 0.05 , 𝜖𝜖� ∼ 𝑁𝑁(0,0.01) . FiCe hundred simulations are 

simultaneously implemented. We consider the situations as follows: 

(1) The Cariance 𝜎𝜎� is known and the autocorrelated coefficient 𝜙𝜙� has a known initial Calue; 

(2) The Cariance 𝜎𝜎� is known but the autocorrelated coefficient 𝜙𝜙� is unknown. 

 

Table 1. Empirical sizes and powers of Λ�∗  (𝛼𝛼 = 0.05, 𝛿𝛿 = −0.001 and 𝜎𝜎� = 0.01) 

     Size       Power    

 when level is 

 

Fig. 5. Test statistic Λ�∗  curCe 

   

For the test statistic 𝐺𝐺�∗, its function curCe is shown by Fig. 6. And then the calculated maximum 

point is 𝑡𝑡 = 385, so the relatiCe error is 3.0%. From the aboCe results, we see that both the Bayes 

and maximum likelihood methods haCe same good performance for change-point estimation. 

Additionally, the final relatiCe error results are less than 5%, so two techniques are reliable and 

feasible. 

 

 

Fig. 6. Test statistic 𝐺𝐺�∗ curCe 

   

 In addition, to test the power of the maximum likelihood strategy, we take a new simulation study 

into account. We deal with Λ�∗  and 𝐺𝐺�∗ in Section 3. For the empirical sizes of Λ�∗  and 𝐺𝐺�∗ sets of 

100, 300, and 500 obserCations are generated from the AR(1) model with 𝜙𝜙� = 0.1,0.3,0.5, and 𝛿𝛿 =
−0.001 , and the leCel of the test is 𝛼𝛼 = 0.05 , 𝜖𝜖� ∼ 𝑁𝑁(0,0.01) . FiCe hundred simulations are 

simultaneously implemented. We consider the situations as follows: 

(1) The Cariance 𝜎𝜎� is known and the autocorrelated coefficient 𝜙𝜙� has a known initial Calue; 

(2) The Cariance 𝜎𝜎� is known but the autocorrelated coefficient 𝜙𝜙� is unknown. 

 

Table 1. Empirical sizes and powers of Λ�∗  (𝛼𝛼 = 0.05, 𝛿𝛿 = −0.001 and 𝜎𝜎� = 0.01) 

     Size       Power    

= 0.05, random Cariables with a mean of zero and 𝜎𝜎� = 0.01. Then the corresponding time plot is giCen by 

Fig. 3. Correspondingly, the function curCe of the posterior distribution 𝜋𝜋(𝑘𝑘|𝑥𝑥�) is shown by Fig. 4. 

Then the maximum point of the calculated final largest 𝜋𝜋(𝑘𝑘|𝑥𝑥�) is 𝑘𝑘 = 106, which is close to the 

predetermined change-point 𝑘𝑘 = 100 . The time difference is Δ(𝑡𝑡) = 6 , so the relatiCe error 

Δ(𝑡𝑡)/𝑇𝑇(𝑛𝑛) = 3.0%. 

 

 

Fig. 3. Time plot with 𝜙𝜙� = 0.8 and 𝛿𝛿 = −0.01 (Bayes method) 

   

 

Fig. 4. 𝜋𝜋(𝑘𝑘|𝑥𝑥�) curCe with 𝜙𝜙� = 0.8 and 𝛿𝛿 = −0.01 

   

Next, to determine the reliability of the maximum likelihood approach, we will simulate in the same 

way. But the time plots will be omitted for simplicity. The predetermined parameters will be the 

same. Thus, sets of 500 obserCations generated from a stationary AR(1) model with 𝜙𝜙� = 0.6, 𝛿𝛿 =
−0.01 and 𝑘𝑘 = 400, where 𝜖𝜖� ∼ 𝑁𝑁(0,0.01). Under the null hypothesis 𝐻𝐻�, when 𝑘𝑘 = 2,3,⋯ ,500, the 

function graph of the test statistic Λ�∗  is shown by Fig. 5. Then the maximum point of the calculated 

final largest Λ�∗  is 𝑡𝑡 = 409 and the time difference is Δ(𝑡𝑡) = 9, so the relatiCe error is 1.8%. 

 

= 0.01 and 

where  

 𝐺𝐺� = ∑������ ((𝑡𝑡 𝑡 𝑡𝑡)(𝑥𝑥� 𝑡 𝜙𝜙��𝑥𝑥���)𝑥𝑥���)�/(∑������ 𝜎𝜎�(𝑡𝑡 𝑡 𝑡𝑡)�𝑥𝑥���� ). 
Since it is hard to obtain its limit distribution, so we propose using the stochastic simulation 

method to obtain asymptotic critical values. 

 

4. Simulation 
In this section, we eCaluate whether the techniques are effectiCe and feasible or not through a 

simulation study. We obtained the Bayesian estimators of all parameters and maximum likelihood 

estimators in Section 2 and Section 3 respectiCely. Firstly, sets of 100 obserCations are generated 

from the stationary AR(1) model with 𝜙𝜙� = 𝑡0.01 , 𝛿𝛿 = 0.03 and 𝑡𝑡 = 70 , where 𝜖𝜖�  are normal 

random Cariables with a mean of zero and 𝜎𝜎� = 0.01. Then the corresponding time series plot is 

shown in Fig. 1. By the way, Fig. 2 shows the function curCe of the posterior distribution 𝜋𝜋(𝑡𝑡|𝑥𝑥�) 
for change-point 𝑡𝑡 = 2,3,⋯ ,99. And the largest point is just 70 which is the change-point 𝑡𝑡. 

 

 

Fig. 1. Time plot with 𝜙𝜙� = 𝑡0.01 and 𝛿𝛿 = 0.03 (Bayes method) 

   

 

Fig. 2. 𝜋𝜋(𝑡𝑡|𝑥𝑥�) curCe with 𝜙𝜙� = 𝑡0.01 and 𝛿𝛿 = 0.03 

   

In order to further assess the reliability of the method, sets of 200 obserCations are produced from 

another stationary AR(1) model with 𝜙𝜙� = 0.8, 𝛿𝛿 = 𝑡0.01 and 𝑡𝑡 = 100, where 𝜖𝜖� are also normal 

= -0.001 
respectively. Although the empirical sizes and powers do not 
differ greatly from each other because of the sample size, it is 
clear that the powers increase with sample size 

𝜙𝜙�     0.1   0.3   0.5   0.1   0.3   0.5 

n 100  0.0460  0.0480  0.0540  0.9440  0.9540   0.9200  
 300  0.0300  0.0500  0.0620   0.9660  0.9620  0.9460  
 500   0.0360  0.0340 0.0340  0.9720 0.9680  0.9500  

 

Table 2. Empirical sizes and powers of 𝐺𝐺�∗ (𝛼𝛼 = 0.05, 𝛿𝛿 = −0.001 and 𝜎𝜎� = 0.01) 

    Size       Power    

𝜙𝜙�     0.1   0.3   0.5    0.1   0.3   0.5 

n  100  0.0620   0.0480 0.0380   0.9320  0.9400  0.9520  
 300   0.0400 0.0440   0.0320   0.9420  0.9620  0.9600  
 500  0.0220 0.0300 0.0340   0.9780 0.9660 0.9620  

 

 Table 1 and Table 2 show the empirical sizes and powers of Λ�∗  and 𝐺𝐺�∗ when leCel is 𝛼𝛼 = 0.05, 
𝜎𝜎� = 0.01 and 𝛿𝛿 = −0.001 respectiCely. Although the empirical sizes and powers do not differ 

greatly from each other because of the sample size, it is clear that the powers increase with sample 

size 𝑛𝑛. In addition, the aboCe outcomes on powers indicate that the maximum likelihood method 

has good detection performance for gradual change points; thus, it is worth rationalizing and 

Calidating the theory further. 

 

5. Conclusion 
This article discusses the fact that at an unknown time, a continued type of change exists in the 

autoregressiCe coefficient such that the trend in that coefficient after the change is linear. It does 

so by using the Bayesian estimation and maximum likelihood estimation methods when the Cariance 

is the same before and after the change point, respectiCely. In Section 2, we not only proCided the 

posterior distributions of all parameters, but also reCeal their Bayesian estimation Calues. In Section 

3, we also discuss maximum likelihood estimators of gradual change points, as well as some 

parameters. In sum, the findings (shown in aboCe figures) clearly illustrate that the Bayesian 

approach is equally applicable as the maximum likelihood approach for determining the position of 

gradual change point. MoreoCer, the maximum likelihood method has a high power for testing 

change points, as seen in Tables 1 and 2, and the feasibility and reliability of our strategies in this 

paper can also be Cerified through simulation studies. 
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5. Conclusion

This article discusses the fact that at an unknown time, a 
continued type of change exists in the autoregressive coeffi-
cient such that the trend in that coefficient after the change is 
linear. It does so by using the Bayesian estimation and maxi-
mum likelihood estimation methods when the variance is the 
same before and after the change point, respectively. In Sec-
tion 2, we not only provided the posterior distributions of all 
parameters, but also reveal their Bayesian estimation values. 
In Section 3, we also discuss maximum likelihood estimators 
of gradual change points, as well as some parameters. In sum, 
the findings (shown in above figures) clearly illustrate that the 
Bayesian approach is equally applicable as the maximum 
likelihood approach for determining the position of gradual 
change point. Moreover, the maximum likelihood method has 
a high power for testing change points, as seen in Tables 1 
and 2, and the feasibility and reliability of our strategies in 
this paper can also be verified through simulation studies.

Acknowledgements

J. Ha’s research was supported by Program through the 
National Research Foundation of Korea (NRF) funded by the 
Ministry of Science, ICT and Future Planning (NRF-
2018R1A2B6003823). ZX Liu’s research was supported by a 

grant from China Scholarship Council (CSC-201708410073).
 

References

1.  Csörgő M, Horváth L. Limit theorems in change-point analy-
sis. New York: John Wiley & Sons; 1997.

2.  Liu Z, Ha J. Single change-point tests for p-order autoregres-
sive models. QBS 2019;38:81-85. 

3.  Chen J, Gupta AK. Parametric statistical change point analysis: 
with applications to genetics, medicine, and finance. Springer 
Science & Business Media; 2011. 

4.  Lee S, Ha J, Na O, Na S. The cusum test for parameter change 
in time series model. Scand J Stat 2003;30:781-796. 

5.  Hu ková M. Gradual changes versus abrupt changes. J Stat 
Plan Infer 1999;76:109-125.

6.  Gupta AK, Ramanayake A. Change points with linear trend for 
the exponential distribution. J Stat Plan Infer 2001;93:181-195.

7.  Wang LM. Testing for change-point of the first-order autore-
gressive time series models. Chin J Appl Pro Stat 2008;24:28-
36.

8.  Liu TH. Gradual change point detection algorithm based on 
AUC (M.S. thesis), GDUT, Guangzhou, China; 2017.

9.  Liu Q. Bayes estimation for change-point problem in AR(1) 
and ARCH(1) models (M.S. thesis), SHNU, Shanghai, China; 
2006.

10.  Yang JB. Parameters estimation of change point problem of 
AR(p) and ARMA(p,q) based on Bayes method (M.S. thesis), 
XJU, Urumqi, China; 2010. 



 Liu ZX & Ha J : Gradual Change Estimation in AR(1) 153

Appendix : Proofs

A.1. Proof of kernels of all parameters

Here, we provide proofs of the kernels of parameters 

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  

, 

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  

, 

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  

 and 

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  

 in four parts.

A.1.1. Proof of kernel of k
Here we let 

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  

then let 

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  

where 

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  

 
 
 

 
 

 
 

 
Appendix : Proofs 

  

A.1. Proof of kernels of all parameters 
Cere, we proCide proofs of the kernels of parameters 𝑘𝑘, 𝜎𝜎�, 𝛿𝛿 and 𝜙𝜙� in four parts. 

 

A.1.1. Proof of kernel of 𝒌𝒌 
Cere we let  

 

𝐼𝐼� = ���� (2𝜋𝜋)����� ⋅ �
(��)

���
� �� ⋅ exp �−�����������

�⋅�� � 𝑑𝑑𝜎𝜎�

    ∝ ����
�

(��)
���
� �� ⋅ exp �−�����������

��� � 𝑑𝑑𝜎𝜎�

    = Γ(���� )(−�����������
� )����� ����

(�����������
� )

���
�

�(���� )(��)
���
� �� exp(−

�����������
�
�� )𝑑𝑑𝜎𝜎�

    = 2���
� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)�����

 

 then let  

 
𝐼𝐼� = ����� 2���

� Γ(���� )(𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�
    ∝ ����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝜙𝜙�

 

 where  

𝑀𝑀� = ∑���� (𝑋𝑋� − 𝜙𝜙�𝑋𝑋���)� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋��,𝑀𝑀� = 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 −
𝑘𝑘)𝑋𝑋���� , 

such that  
such that 

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

Let

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

then 

 

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

As t-distribution, we can obtain 

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  
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𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

Now we consider the integration of 

 

𝑃𝑃� = ����� exp �− ��������
��� � 𝑑𝑑𝛿𝛿

    = exp

⎩⎪
⎨
⎪⎧
−

�����
�

���
(������ ���)�

���
�����

���

⎭⎪
⎬
⎪⎫ �

������
�
��

√2𝜋𝜋𝜎𝜎.
 

 So  

 

𝜋𝜋(𝜎𝜎� | 𝑥𝑥�) ∝ ∑������ (2𝜋𝜋𝜎𝜎�)����� �(�)
�� 𝑎𝑎�

���(𝑎𝑎� − ���
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                = ∑������ (2𝜋𝜋𝜎𝜎�)����� �(�)
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�
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�
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                ∝ ∑������ (𝜎𝜎�)����� ��� − ���
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�

exp
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⎭⎪
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𝜋𝜋(𝑘𝑘 | 𝑥𝑥�).

 

 

 

A.1.3. Proof of the kernel 𝜹𝜹 
We deriCe the posterior distribution of 𝛿𝛿 according to the properties of 𝑡𝑡-distribution and inCerse 

Γ-distribution, we then the posterior distribution kernel of 𝛿𝛿, which can be giCen by  

 

𝜋𝜋(𝛿𝛿 | 𝑥𝑥�) ∝ ∑������ 𝜋𝜋(𝑘𝑘)����� ���� (2𝜋𝜋𝜎𝜎�)����� �𝑥𝑥� �−�����������
��� � ⋅ �

�� 𝑑𝑑𝜎𝜎�𝑑𝑑𝑑𝑑�

            ∝ ∑������ 𝜋𝜋(𝑘𝑘)����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� ����
(�����������

� )
���
�

�(���� )(��)
���
� �� �𝑥𝑥� �−�����������

��� � 𝑑𝑑𝜎𝜎�𝑑𝑑𝑑𝑑�

            ∝ ∑������ 𝜋𝜋(𝑘𝑘)����� (𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑑𝑑𝑑𝑑�.

 

The kenel of 𝛿𝛿 can be obtained as:  

, due to 

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

Similarly, we can also let 

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

then 

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  

𝑀𝑀� + 𝑀𝑀� = 𝜙𝜙�� ∑���� 𝑋𝑋���� − 2𝜙𝜙� ∑���� 𝑋𝑋�𝑋𝑋��� + ∑���� 𝑋𝑋�� + 2𝛿𝛿𝜙𝜙� ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋����

                = 𝜙𝜙�� ∑���� 𝑋𝑋���� + 2𝜙𝜙��𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�� − ∑���� 𝑋𝑋�𝑋𝑋���� + ∑���� 𝑋𝑋��
                = ∑���� 𝑋𝑋���� ⋅ �𝜙𝜙�� + 2𝜙𝜙� �∑

������ (���)����� �∑����������
∑��������� � + ∑���� 𝑋𝑋��

                = ∑���� 𝑋𝑋���� �𝜙𝜙� + � ∑������ (���)����� �∑����������
∑��������� �

�
− �� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��.

 

 Let 

 𝑎𝑎� = ∑���� 𝑋𝑋���� , 𝑏𝑏� = � ∑������ (���)����� �∑����������
∑��������� , 𝑐𝑐� = − ��∑������ (���)����� �∑�����������

�

∑��������� +
∑���� 𝑋𝑋�� = −𝑎𝑎� ⋅ 𝑏𝑏�� + ∑���� 𝑋𝑋��, 

 then  

 𝑀𝑀� + 𝑀𝑀� = 𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐�. 

As 𝑡𝑡-distribution, we can obtain  

 

𝐼𝐼� ∝ ����� �𝑎𝑎� ⋅ (𝜙𝜙� + 𝑏𝑏�)� + 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀���
���
� 𝑑𝑑𝜙𝜙�

    = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ �1 + ��(�����)�
��������

�
����� 𝑑𝑑𝜙𝜙�

    = (��������)�
���
� �(���� )�(���)�

���(���)/(��������)⋅�(���� )

        ⋅ �����
�(���� )

�(���� )�(���)� �1 + ����(���)/(��������)(�����)��

��� � 𝑑𝑑�𝑎𝑎�(𝑛𝑛 − 2)/(𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)(𝜙𝜙� + 𝑏𝑏�)

    ∝ (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� ⋅ 𝑎𝑎�
���.

 

 Now we consider the integration of 𝛿𝛿, due to  

 𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� − 2𝛿𝛿 ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋��� −
�� ∑������ (���)����� �∑�����������

�

∑��������� + ∑���� 𝑋𝑋��. 

 Similarly, we can also let  

 𝑎𝑎� = ∑������ (𝑡𝑡 − 𝑡𝑡)�𝑋𝑋���� ,𝑏𝑏� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋�𝑋𝑋���, 𝑐𝑐� = ∑������ (𝑡𝑡 − 𝑡𝑡)𝑋𝑋���� ,𝑑𝑑� =
∑���� 𝑋𝑋�𝑋𝑋���, 𝑒𝑒� = ∑���� 𝑋𝑋��, 

then  

 

𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀� = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − �
��

(𝛿𝛿� ⋅ 𝑐𝑐�� − 2𝑐𝑐�𝑑𝑑�𝛿𝛿 + 𝑑𝑑��) + 𝑒𝑒�
                        = 𝛿𝛿� ⋅ 𝑎𝑎� − 2𝛿𝛿 ⋅ 𝑏𝑏� − ���

��
𝛿𝛿� + ����

��
⋅ 2𝛿𝛿 − ���

��
+ 𝑒𝑒�

                        = (𝑎𝑎� − ���
��

)𝛿𝛿� + 2(������
− 𝑏𝑏�)𝛿𝛿 + 𝑒𝑒� − ���

��

                        = (𝑎𝑎� − ���
��

) �𝛿𝛿 +
����
�� ���

�����
�
��

�
�

+ 𝑒𝑒� − ���
��
− (������ ���)�

�����
�
��

.

 

 Cence  Hence 

 

𝐼𝐼� = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑎𝑎�
���𝑑𝑑𝑑𝑑

    = 𝑎𝑎�
��� ����� ��� − ���

��
− (������ ���)�

�����
�
��

�
�����

⋅

⎣
⎢
⎢
⎢
⎢
⎡
1 +

(�����
�
��)���

������ ���

���
�����

�
�

�����
�

���
(������ ���)�

���
����� ⎦

⎥
⎥
⎥
⎥
⎤
�����

𝑑𝑑𝑑𝑑

    ∝ 𝑎𝑎�
���(𝑎𝑎� − ���

��
)��� ��� − ���

��
− (������ ���)�

�����
�
��

�
�����

    = (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� ��� − ���
��
− (������ ���)�

�����
�
��

�
�����

.

 

 Therefore, the kernel of posterior distribution of 𝑘𝑘 can be giCen by  

 𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� ��� − ���
��
− (������ ���)�

�����
�
��

�
�����

𝜋𝜋(𝑘𝑘). 

 

 

A.1.2. Proof of the kernel 𝝈𝝈𝟐𝟐 
We consider the kernel of posterior distribution of 𝜎𝜎�  

 𝜋𝜋(𝜎𝜎� | 𝑥𝑥�) ∝ ∑���� ����� ����� (2𝜋𝜋𝜎𝜎�)����� ⋅ �𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝑑𝑑�𝑑𝑑𝑑𝑑. 

Let  

 𝑃𝑃� = ����� exp �−�����
��� � 𝑑𝑑𝑑𝑑� = ����� exp �− ��⋅(�����)����

��� � 𝑑𝑑𝑑𝑑� 

and set  

 𝑥𝑥 = √𝑎𝑎�(𝑑𝑑� + 𝑏𝑏�) 

then  

 𝑃𝑃� = ����� exp �− ��
���� exp �− ��

����
�

√��
𝑑𝑑𝑥𝑥. 

As the properties of 𝜒𝜒� distribution  

 
𝑃𝑃� = exp �− ��

����
�

√�� √2𝜋𝜋𝜎𝜎 �����
�

√��� exp �− ��
���� 𝑑𝑑𝑥𝑥

    = exp �− ��
����

�
√�� √2𝜋𝜋𝜎𝜎.

 

Similarly, let  

 

𝐼𝐼� = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑎𝑎�
���𝑑𝑑𝑑𝑑

    = 𝑎𝑎�
��� ����� ��� − ���

��
− (������ ���)�

�����
�
��

�
�����

⋅

⎣
⎢
⎢
⎢
⎢
⎡
1 +

(�����
�
��)���

������ ���

���
�����

�
�

�����
�

���
(������ ���)�

���
����� ⎦

⎥
⎥
⎥
⎥
⎤
�����

𝑑𝑑𝑑𝑑

    ∝ 𝑎𝑎�
���(𝑎𝑎� − ���

��
)��� ��� − ���

��
− (������ ���)�

�����
�
��

�
�����

    = (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� ��� − ���
��
− (������ ���)�

�����
�
��

�
�����

.

 

 Therefore, the kernel of posterior distribution of 𝑘𝑘 can be giCen by  

 𝜋𝜋(𝑘𝑘 | 𝑥𝑥�) ∝ (𝑎𝑎�𝑎𝑎� − 𝑐𝑐��)��� ��� − ���
��
− (������ ���)�

�����
�
��

�
�����

𝜋𝜋(𝑘𝑘). 

 

 

A.1.2. Proof of the kernel 𝝈𝝈𝟐𝟐 
We consider the kernel of posterior distribution of 𝜎𝜎�  

 𝜋𝜋(𝜎𝜎� | 𝑥𝑥�) ∝ ∑���� ����� ����� (2𝜋𝜋𝜎𝜎�)����� ⋅ �𝑥𝑥� �− �
��� ⋅ �𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀� + 𝑀𝑀��� ⋅ �(�)

�� 𝑑𝑑𝑑𝑑�𝑑𝑑𝑑𝑑. 

Let  

 𝑃𝑃� = ����� exp �−�����
��� � 𝑑𝑑𝑑𝑑� = ����� exp �− ��⋅(�����)����

��� � 𝑑𝑑𝑑𝑑� 

and set  

 𝑥𝑥 = √𝑎𝑎�(𝑑𝑑� + 𝑏𝑏�) 

then  

 𝑃𝑃� = ����� exp �− ��
���� exp �− ��

����
�

√��
𝑑𝑑𝑥𝑥. 

As the properties of 𝜒𝜒� distribution  

 
𝑃𝑃� = exp �− ��

����
�

√�� √2𝜋𝜋𝜎𝜎 �����
�

√��� exp �− ��
���� 𝑑𝑑𝑥𝑥

    = exp �− ��
����

�
√�� √2𝜋𝜋𝜎𝜎.

 

Similarly, let  

 

𝐼𝐼� = ����� (𝑐𝑐� + 𝑀𝑀� + 𝑀𝑀�)����� 𝑎𝑎�
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,    2 ≤ 𝑘𝑘 ≤ 𝑘𝑘, 
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where 𝑘𝑘 is degree of freedom, 𝜇𝜇 is location parameter and 𝜎𝜎 is scale parameter, then 𝐸𝐸(𝑓𝑓) = 𝜇𝜇. 
In addition, for inCerse gamma distribution, written as 𝐼𝐼𝐼𝐼𝑎𝑎(𝛼𝛼,𝛽𝛽), its density function is  
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then the Bayesian estimator 𝑘𝑘� of change-point 𝑘𝑘 is 𝑘𝑘� = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑥𝑥
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where 𝑘𝑘 is degree of freedom, 𝜇𝜇 is location parameter and 𝜎𝜎 is scale parameter, then 𝐸𝐸(𝑓𝑓) = 𝜇𝜇. 
In addition, for inCerse gamma distribution, written as 𝐼𝐼𝐼𝐼𝑎𝑎(𝛼𝛼,𝛽𝛽), its density function is  
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,    2 ≤ 𝑘𝑘 ≤ 𝑘𝑘, 

then the Bayesian estimator 𝑘𝑘� of change-point 𝑘𝑘 is 𝑘𝑘� = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑥𝑥
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A.2.2. Proof of Bayesian estimator of 𝝈𝝈𝟐𝟐 
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where 𝑘𝑘 is degree of freedom, 𝜇𝜇 is location parameter and 𝜎𝜎 is scale parameter, then 𝐸𝐸(𝑓𝑓) = 𝜇𝜇. 
In addition, for inCerse gamma distribution, written as 𝐼𝐼𝐼𝐼𝑎𝑎(𝛼𝛼,𝛽𝛽), its density function is  
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A.2.2. Proof of Bayesian estimator of 
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,    2 ≤ 𝑘𝑘 ≤ 𝑘𝑘, 

then the Bayesian estimator 𝑘𝑘� of change-point 𝑘𝑘 is 𝑘𝑘� = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑥𝑥
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A.2.2. Proof of Bayesian estimator of 𝝈𝝈𝟐𝟐 
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where 𝑘𝑘 is degree of freedom, 𝜇𝜇 is location parameter and 𝜎𝜎 is scale parameter, then 𝐸𝐸(𝑓𝑓) = 𝜇𝜇. 
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where 𝑘𝑘 is degree of freedom, 𝜇𝜇 is location parameter and 𝜎𝜎 is scale parameter, then 𝐸𝐸(𝑓𝑓) = 𝜇𝜇. 
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where 𝑘𝑘 is degree of freedom, 𝜇𝜇 is location parameter and 𝜎𝜎 is scale parameter, then 𝐸𝐸(𝑓𝑓) = 𝜇𝜇. 
In addition, for inCerse gamma distribution, written as 𝐼𝐼𝐼𝐼𝑎𝑎(𝛼𝛼,𝛽𝛽), its density function is  

 𝐼𝐼𝐼𝐼𝑎𝑎(𝑥𝑥;𝛼𝛼,𝛽𝛽) = ��
�(�)���� ⋅ 𝑒𝑒

���, 𝑥𝑥 > 0 

where both 𝛼𝛼 and 𝛽𝛽 are parameters, then 𝐸𝐸(𝐼𝐼𝐼𝐼𝑎𝑎) = �
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then the Bayesian estimator 𝑘𝑘� of change-point 𝑘𝑘 is 𝑘𝑘� = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑥𝑥
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where 𝑘𝑘 is degree of freedom, 𝜇𝜇 is location parameter and 𝜎𝜎 is scale parameter, then 𝐸𝐸(𝑓𝑓) = 𝜇𝜇. 
In addition, for inCerse gamma distribution, written as 𝐼𝐼𝐼𝐼𝑎𝑎(𝛼𝛼,𝛽𝛽), its density function is  
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where 𝑘𝑘 is degree of freedom, 𝜇𝜇 is location parameter and 𝜎𝜎 is scale parameter, then 𝐸𝐸(𝑓𝑓) = 𝜇𝜇. 
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where 𝑘𝑘 is degree of freedom, 𝜇𝜇 is location parameter and 𝜎𝜎 is scale parameter, then 𝐸𝐸(𝑓𝑓) = 𝜇𝜇. 
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A.1.3. Proof of the kernel 𝜹𝜹 
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